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THE TOPOLOGICAL STRUCTURE OF FUNCTION SPACE OF
TRANSITIVE MAPS
ZHAORONG HE, JIAN LI AND ZHONGQIANG YANG∗
Abstract. Let C(I) be the set of all continuous self-maps from I = [0, 1]
with the topology of uniformly convergence. A map f ∈ C(I) is called a
transitive map if for every pair of non-empty open sets U, V in I, there exists
a positive integer n such that U ∩ f−n(V ) 6= ∅. We note T (I) and T (I)
to be the sets of all transitive maps and its closure in the space C(I). In
this paper, we show that T (I) and T (I) are homeomorphic to the separable
Hilbert space `2.
1. Introduction and main results
In this paper, we investigate the topological structure of function space of
transitive maps from a closed interval to itself.
Investigating the topological properties of function spaces is an important
subject in many branches of mathematics. See, for example, [11,12,14,19] and [8,
Chapter 7]. In particular, various versions of Ascoli Theorem give necessary and
sufficient conditions to decide whether subsets of function spaces with various
types of topologies are compact, see e.g. [8, Charter 7]. With the development of
infinite-dimensional topology, it appears some structural characteristics of these
function spaces. For example, by the Kadec’s theorem in [7], we know that the
space of the real-valued continuous functions of a compact metric space with
the topology of uniformly convergence is homeomorphic to the separable Hilbert
space `2. In [3], Dobrowolski et al showed that the space of real-valued continuous
functions of a countable non-discrete metric space with the topology of pointwise
convergence is homeomorphic to the subspace c0 = {(xn) ∈ R∞ : limn→∞ xn = 0}
of the countable product R∞ of real lines. In 2005-2017, the third named author of
the present paper and his coauthors obtained structural characteristics of spaces
of continuous functions ↓CF (X) from a k-space X to I = [0, 1] with the Fell
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topology of hypograph, see [19–29]. For example, ↓CF (X) is homeomorphic to
c0 if ↓CF (X) is metrizable and the set of isolated points in X is not dense.
Spaces of fuzzy numbers with various types of topologies can be also regard as
function spaces. In [30–32], the topological structure of spaces of fuzzy numbers
was investigated. For example, some of them are homeomorphic to `2 and others
are homeomorphic to the pseudo-boundary of the Hilbert cube.
For a topological dynamical system, we mean a pair (X, f), where X is a com-
pact metric space and f : X → X is continuous. Let C(X) be the function space
of all continuous maps from X to X with the supremum metric. Moreover, many
maps satisfying some topological or dynamical properties are defined, such as, all
homeomorphisms, all transitive maps etc. A lot of papers discuss dynamical prop-
erties of those maps (that is, properties of the sequence {fn} of functions), while
there exists only a few papers to investigate topological properties of function
spaces consisting of maps with some specific dynamical properties. In [6], Grinc
et al, using Sharkovsky order, defined some subspaces of the function spaces of
self-maps on compact interval with the supremum metric, and proved that some
of them are of second category and others are of first category. In [9], Kolyda et
al considered the space of all transitive self-maps on a compact interval, all piece-
wise monotone transitive self-maps and all piecewise linear transitive self-maps.
It was proved in [9] that those spaces are contractible and uniformly locally arc-
wise connected. Moreover, the authors in [9] said: “Investigating the topological
properties of spaces of maps that can be described in dynamical terms is in a
sense the opposite idea (of topological dynamics). Therefore we propose to call
this area dynamical topology.” In [10], the authors continued to discuss those
spaces defined in [9]. They showed that some loops which are not contractible in
some of those spaces can be contractible in slightly larger spaces.
As well-known, almost all function spaces, including function spaces of maps
that can be described in dynamical terms, are infinite-dimensional. Hence, it
is natural to give some structural characteristics of those spaces using tools of
infinite-dimensional topology. In [4], Fan et al showed that some subspaces of the
space of continuous self-maps on a compact interval with the supremum metric
related with the topological entropy are homeomorphic to `2. We know that
the transitive property is an important concept in topological dynamics. In the
present paper, we will show the space of transitive self-maps of compact interval
with the supremum metric is homeomorphic to `2. This is a more precise result
than ones in [9].
For I = [0, 1], let C(I) be the set of continuous maps from I to itself and endow
C(I) with the topology of uniformly convergence. A map f ∈ C(I) is called a
transitive map if for every pair of non-empty open sets U, V in I, there exists a
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positive integer n such that U ∩f−n(V ) 6= ∅. It is not hard to verify that f ∈ C(I)
is a transitive map if and only if the orbit {fn(x) : n = 1, 2, · · · } of some point
x ∈ I is dense in I if and only if every non-empty open set U ⊂ I, ⋃∞n=1 fn(U)
is dense in I. Hence, all transitive maps are surjective. The set of all transitive
maps from I to itself is denoted by T (I). Moreover, we denote its closure in the
space C(I) by T (I). Let `2 be the separable Hilbert space. Our main result in
this paper is as follows.
Main Theorem. Both spaces T (I) and T (I) are homeomorphic to the Hilbert
space `2.
Moreover, we have the following corollaries.
Corollary 1. There exists a homeomorphism h : C(I) → I × `2 such that
h(T (I)) = {0} × `2.
Corollary 2. For every open cover U of T (I), there exists a homeomorphism
h : T (I)→ T (I) such that (idT (I), h) ≺ U , that is, for every f ∈ T (I), there exists
U ∈ U such that f, h(f) ∈ U .
The paper is organized as follows. In Section 2, we recall some basic notions
and results which we will use in the paper. In particular, we will give the concept
of the box map defined in [9]. In Section 3, a property on continuous extension
is given. Main Theorem will be proved in Section 4. In the last section, some
remarks, examples and open problems are put.
2. Preliminaries
In this paper, all subsets of the set of real numbers R are thought to be
subspaces of R with the usual topology. In particular, I = [0, 1] is with the usual
topology and N is the set of natural numbers with the discrete topology. When
we say “piecewise”, we mean that there are finitely many pieces. For two compact
sets A,B ⊂ R, let C(A,B) be the set of all continuous maps from A to B. Then
C(I) = C(I, I). When C(A,B) is thought to be a metric space, it is always
considered with the supremum metric:
d(f, g) = sup{|f(x)− g(x)| : x ∈ A}, f, g ∈ C(A,B).
For two spaces X and Y and their two subspaces A and B, respectively, (X,A) ≈
(Y,B) means that there exists a homeomorphism h : X → Y such that h(A) = B.
Similarly, we can define X ≈ Y, (X,A1, A2) ≈ (Y,B1, B2), etc.
At first, we give some concepts and results in infinite-dimensional topology.
For more information on them, we refer reader to [2, 13,14,17,18].
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A closed set C in a topological space X is called a Z-set if for every open
cover U , there exists a continuous map f : X → X \ C such that f and idX
are U-close, that is for every x ∈ X there exists U ∈ U with x, f(x) ∈ U . By
Theorem of Z-set Unknotting (see, for example, [18, Theorem 2.9.7]), we have
that (L,A) ≈ (`2 × I, `2 × {0}) if A ≈ L ≈ `2 and A is a Z-set in L. A space
X is called a Zσ-space if X is a countable union of Z-sets in X. Trivially, no
topologically completed space is a Zσ-space.
A metrizable space X is called an absolute (neighborhood) retract (in
brief, A(N)R) if for every metrizable space Z which includes X as a closed
subspace, there exists a retraction r : Z → X (respectively, a retraction r : U → X
from a neighborhood U of X in Z). It is well-known that a metrizable space is an
AR if and only if it is a contractible ANR, see e.g. [17, Corollary 6.2.9]. A subspace
Y of X is called homotopy dense if there exists a homotopy H : X × I → X
such that H0 = idX and Ht(X) ⊂ Y for every t ∈ (0, 1]. The complement of a
homotopy dense set is call homotopy negligible. Note that a set in a space
may be both homotopy dense and homotopy negligible. But if a closed set C is
included in a homotopy negligible set, then C is a Z-set. It have been proved
that, for a homotopy dense subspace Y of a metric space X, Y is an A(N)R if
and only if X is an A(N)R, see e.g. [17, Corollary 6.6.7] or [2, Exercise 1.2.16]
It is sometime difficult to verify that a metrizable space is an A(N)R. In the
present paper, we will use the following result. A separable metric space (X, d) is
an ANR if the following statement holds:1
Statement E
there exists C > 1 such that for every countable and locally
finite simplicial complex K and its subcomplex L ⊃ K(0), for
every continuous map φ : |L| → X there exists a continuous
extension Φ : |K| → X of φ such that
(2.1) diam Φ(σ) ≤ C diamφ(|L| ∩ σ)
for every σ ∈ K, where diamA is the diameter of a subset A
of the metric space (X, d).
Statement E is also used to verify a subset of a space to be homolopy dense.
In [16], it is shown that X is homotopy dense in Y if X is a dense subspace of a
separable metrizable Y and satisfies Statement E.
A metric space (X, d) is said to have the strongly discrete approaching
property (in brief, SDAP) if for every continuous map ε : X → (0, 1), every
1In [13, Theorem 5.2.1], a necessary and sufficient condition using open cover for a separable
metrizable space being an ANR is given. It is not hard to verify that Statement E is stronger
than this condition. The space (0, 1) ∪ (1, 2) with the usual metric is an ANR but does not
satisfy Statement E.
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compact metric space K and every continuous map f : K × N → X, there
exists a continuous map g : K × N → X such that {g(K × {n}) : n ∈ N} is
discrete and d(f(k, n), g(k, n)) < ε(f(k, n)) for every (k, n) ∈ K × N. In [2, 1.3.1
Proposition], it is shown that the above ”discrete” can be replaced by ”locally
finite”. Moreover, every homotopy dense subspace of an ANR with SDAP has
SDAP, see e.g. [2, Exercise 1.3.4].
We recall the Torun´czyk’s Characterization Theorem of Separable Hilbert
Space: A separable meterizable space X is homeomorphic the separable Hilbert
space `2 (an `2-manifold) if and only if X is a topologically completed A(N)R
with SDAP, see e.g. [2, 1.1.14 (Characterization Theorem)].
Secondly, we introduce a family of homotopies {Hγ : C(I)×I→ C(I) : γ ≥ 20}
which defined in [9]. 2 defined in [9]. Define a subspace Λ of I4 × [20,+∞) as
follows
Λ = {(al, ar, ab, at, γ) ∈ I4 × [20,+∞) : ab < at, al, ar ∈ [ab, at]}.
For every non-degenerate closed interval K = [a0, a1] and λ = (al, ar, ab, at, γ) ∈
Λ, the authors in [9] defined a continuous surjection ξλ : K → [ab, at], which was
called a box map, such that ξλ is piecewise linear with constant slope
γ(at−ab)
a1−a0
and ξλ(a0) = al, ξλ(a1) = ar. The following figure illustrates the definition of box
map ξλ, where the meeting point m can be chosen to be the fifth decreasing lap
from the left.
Figure 1. K = [0, 1], al = 0.15, ar = 0.1, ab = 0, at = 0.2, γ = 20
Using the box map, Kolyada et al in [9] constructed a homotopy3 Hγ : C(I)×
I→ C(I) for every γ ≥ 20 as follows. Let Hγ0 = id and, for f ∈ C(I) and t ∈ (0, 1],
2In [9], γ and Hγ(f, t) in the present paper were denoted by as and gf,t, respectively.
Although as can be thought to be as a variable, it was fixed in most part of [9]. In the present
paper, it is important to consider γ as a variable.
3In [9], this homotopy was defined in a subspace of C(I)× I. But it is also valid for the space
C(I)× I.
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s = s(t) be the largest non-negative integer such that st < 1. We can obtained
s+ 1 closed intervals:
Iti = [(i− 1)t, it], i = 1, 2, · · · , s, Its+1 = [st, 1].
In particular, if t = 1, then s = 0 and we obtain one closed interval I11 = [0, 1].
For i = 1, 2, · · · , s(t) + 1, let αf,ti = max{|Iti |, |f(Iti )|}, where |J | is the length of
a closed interval J . Moreover, let
ai,f,tb = max{0,min f(Iti )− 4αf,ti }; ai,f,tt = min{1,max f(Iti ) + 4αf,ti };
Jf,ti = [a
i,f,t
b , a
i,f,t
t ]; a
i,f,t
l = f(min I
t
i ); a
i,f,t
r = f(max I
t
i ).
It is not hard to verify that
(2.2) |Iti | ≤ |Jf,ti |.
Trivially, λγi,f = (a
i,f,t
l , a
i,f,t
r , a
i,f,t
b , a
i,f,t
t , γ) ∈ Λ. Therefore, we can define a box
map ξλγi,f ∈ C(Iti , J
f,t
i ). Moreover, using them, we can define
Hγ(f, t) =
s+1⋃
i=1
ξλγi,f ∈ C(I).
Kolyada et al in [9] proved that Hγ : C(I) × I → C(I) is continuous for every
γ ≥ 20, even the map also induced a continuous map from C(I) × I × [20,+∞)
to C(I) when we think γ to be a variable in [20,+∞). Moreover, Kolyada et al
noted that it is also true if we replace C(I) by T (I). Using this result, it is trivial
that T (I) is contractible, that is, the identity map idT (I) and a constant map
are homotopic in T (I).
3. Continuous Extensions
Let (X, d) be a metric space. We introduce Statement SC as follows:
Statement SC
For every ε > 0, every continuous map φ : ∂σ → X from the
boundary ∂σ of a simplex σ to X and every compact set C ⊃
φ(∂σ) in X, there exists a continuous extension Φ : σ → X
of φ such that
(3.1) diam(Φ(σ) ∪A) ≤ (1 + ε) diamA
if φ(∂σ) ⊂ A ⊂ C.
The main purpose of this section is to show the following theorem.
Theorem 1. Every metric space (X, d) satisfies Statement E if it satisfies State-
ment SC.
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Proof. Let K be a countable and locally finite simplicial complex and L ⊃ K(0)
a subcomplex of K. For every continuous map φ : |L| → X, we show that there
exists a continuous extension Φ : |K| → X of φ such that
(3.2) diam Φ(σ) ≤ 2 diamφ(|L| ∩ σ)
for every σ ∈ K. Hence (X, d) satisfies Statement (E).
Choose εi > 0 such that ∞∏
i=1
(1 + εi) ≤ 2.
Let K \ L = {σi} and Ci =
⋃{τ ∈ K : σi ≺ τ}. Then Ci is compact since K is
locally finite.
Using Statement SC, we will inductively define a sequence {Φn : Kn → X}∞n=0
of continuous maps, where Kn = |L| ∪ |K(n)|, such that
(i) Φ0 = φ;
(ii) Φn|Kn−1 = Φn−1;
(iii) diam(Φn(σi) ∪A) ≤ (1 + εi) diamA if
Φn−1(∂σi) ⊂ A ⊂ Φn−1(Ci ∩Kn−1) ∪ Φn(
⋃
j<i
{σj : dimσj = n})
for every σi ∈ K \ L with dimσi = n.
In fact, let Φ0 = φ and Φn−1 has been defined and satisfies the inductive assump-
tions. Let
{σij : j = 1, 2, · · · } = {σi : dimσi = n},
where i1 < i2 < · · · . For a fixed j0 = 1, 2, · · · , suppose that, for every j < j0,
Φn|σij has been defined and satisfies Φn|∂σij = Φn−1|∂σij and
diam(Φn(σij ) ∪A) ≤ (1 + εij ) diamA
if
Φn−1(∂σij ) ⊂ A ⊂ Φn−1(Cij ∩Kn−1) ∪ Φn(
⋃
j′<j
{σi′j}).
Then
C = Φn−1(Cij0 ∩Kn−1) ∪ Φn(
⋃
j<j0
{σij})
is compact inX. Hence, for Φn−1|∂σij and ε = εij , since (X, d) satisfies Statement
SC, there exists a continuous extension Φn|σij : σij → X such that
diam(Φn(σij ) ∪A) ≤ (1 + εij ) diamA
if Φn−1|∂σij ⊂ A ⊂ C. Then it is not hard to verify that Φn = Φn−1∪
⋃∞
j=1 Φn|σij :
|Kn| → X satisfies the inductive assumptions (i)-(iii).
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Trivially, Φ =
⋃∞
n=1 Φn : |K| → X is a continuous extension of φ : |L| → X.
It is remainder to check that Formula (2.1) holds for every σ ∈ K. We only
consider the case that σ = σi ∈ K \ L with dimσi = n. By (iii) for the case
A = Φn−1(∂σi), we have
(3.3) diam Φ(σi) ≤ (1 + εi) diam Φ(∂σi).
In the finite set N = {j : σj  σi}, where σj  σi means that σj is a proper face
of σi, we define a linear order C as j1 C j2 if and only if either dimσj1 > dimσj2
or dimσj1 = dimσj2 and j1 > j2. Let N = {j1 C j2 C · · · C jl}. Note that
Φ(∂σi) = Φ(σj1) ∪ Φ(σj2) ∪ · · · ∪ Φ(σjl) ∪ φ(|L| ∩ σi).
Now we give an estimation for diam Φ(∂σi). At first,
Φ(∂σj1) ⊂ Φ(σj2) ∪ · · · ∪ Φ(σjl) ∪ φ(|L| ∩ σi)
⊂ Φ(Cj1 ∩Kdimσj1−1) ∪ Φ(
⋃
j<j1
{σj : dimσj = dimσj1}).
It follows from (iii) and Formula (3.3) that
diam Φ(σi) ≤ (1 + εi)(1 + εj1) diam Φ(σj2) ∪ · · · ∪ Φ(σjl) ∪ φ(|L| ∩ σi).
Continuously this, we have
diam Φ(σi) ≤ (1 + εi)
l∏
m=1
(1 + εjm) diamφ(|L| ∩ σi) ≤ 2φ(|L| ∩ σi).

4. Proof of the Main Theorem
At first, we show that T (I) satisfies Statement E.
Lemma 1. For every compact set K in C(I) and ε > 0, there exists t0 > 0 such
that for every t ∈ (0, t0), i ≤ s(t) + 1 and A ⊂ K,
ai,A,tt − ai,A,tb ≤ diamA+ ε,
where ai,A,tt = sup{ai,f,tt : f ∈ A}, ai,A,tb = inf{ai,f,tb : f ∈ A}.
Proof. Note that K is uniformly equicontinuous, that is, for every η > 0, there
exists δ > 0 such that
|x1 − x2| < δ and f ∈ K imply |f(x1)− f(x2)| < η.
Hence, for η = ε10 > 0, there exists t0 > 0 such that
αf,ti = max{|Iti |, |f(Iti )|} < η
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for every t ∈ (0, t0] and f ∈ K. Thus, for f, f˜ ∈ A and i ≤ s(t) + 1, choose
x0 ∈ Iti , then
ai,f,tt − ai,f˜ ,tb
≤ max f(Iti ) + 4αf,ti −min f˜(Iti ) + 4αf˜ ,ti
≤ η + f(x0) + 8η − f˜(x0) + η
≤ diamA+ ε.
Therefore,
ai,A,tt − ai,A,tb ≤ diamA+ ε
for every t ∈ (0, t0), i ≤ s(t) + 1 and A ⊂ K. 
Lemma 2. The space T (I) satisfies Statement SC.
Proof. Let ε > 0, φ : ∂σ → T (I) a continuous map from the boundary ∂σ of a
simplex σ and C ⊃ φ(∂σ) a compact set in T (I). We show that there exists a
continuous extension Φ : σ → T (X) of φ such that
(4.1) diam(Φ(σ) ∪A) ≤ (1 + ε) diamA for every φ(∂σ) ⊂ A ⊂ C.
This conclusion is trivial if diamφ(∂σ) = 0. Hence, suppose diamφ(∂σ) > 0.
Using Lemma 1, there exists t0 ∈ (0, 1) such that
(i) d(H20(φ(x), t), φ(x)) < ε diamφ(∂σ)4 ;
(ii) ai,A,tt − ai,A,tb ≤ diamA+ ε diamφ(∂σ)2 for every φ(∂σ) ⊂ A ⊂ K,
for every t ∈ [0, t0], x ∈ ∂σ and i ≤ s(t)+1. Moreover, for x ∈ ∂σ and i ≤ s(t0)+1,
let
λxi = (a
i,φ(x),t0
l , a
i,φ(x),t0
r , a
i,φ(x),t0
b , a
i,φ(x),t0
t , 20) ∈ Λ and
λi = (a
i,φ(∂σ),t0
t , a
i,φ(∂σ),t0
b , a
i,φ(∂σ),t0
b , a
i,φ(∂σ),t0
b , 20) ∈ Λ.
Using them, we can define a linear map lxi : [t0, 1] → Λ such that lxi (t0) = λxi
and lxi (1) = λi. For every i ≤ s(t0) + 1, x ∈ ∂σ and t ∈ [t0, 1], ξlxi (t) defines a
box map from It0i to I. Trivially, {ξlxi (t) : i ≤ s(t) + 1} can be joined into a map
G(x, t) ∈ C(I). Note that G(x, 1) = ∪i≤s(t0)+1ξλi is independent of x ∈ ∂σ. Since
G(x, t0) = H
20(φ(x), t0) for every x ∈ ∂σ, we can define Φ : σ → C(I) as follows:
Φ((1− t)x+ tb) =
{
H20(φ(x), t) t ∈ [0, t0],
G(x, t) t ∈ [t0, 1]
for (1− t)x+ tb ∈ σ, where b is the barycenter of σ and x ∈ ∂σ. What follows is
to verify that Φ satisfies all requirements.
At first, trivially, Φ is a continuous extension of φ.
Secondly, by the proof of [9, Lemma 2.3] and [9, Remark 2.4], we know that
Φ(σ) ⊂ T (I).
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Third, we show that Formula (4.1) holds. Fix A. We write σ = σ1∪σ2, where
σ1 = {(1− t)x+ tb : (x, t) ∈ ∂σ × [0, t0]} and
σ2 = {(1− t)x+ tb : (x, t) ∈ ∂σ × [t0, 1]}.
Then, using (i) and (ii), respectively, we have
(4.2) diam(Φ(σ1) ∪A) ≤ diamA+ ε
2
diamA and
(4.3) diam(Φ(σ2) ∪A) ≤ diamA+ ε
2
diamA.
In fact, Formula (4.2) follows (i). To verify Formula (4.3) we note that (ii) and,
for every (x, t) ∈ σ× [t0, 1], i ≤ s(t)+1 and f ∈ A, the graphs of f |Iti and Φ(x)|Iti
are included in Iti × [ai,A,tb , ai,A,tt ].
For any t ∈ [t0, 1], t′ ∈ [0, t0] and x.x′ ∈ ∂σ, using (i) and Formula (4.3) for
A = φ(∂σ), we have
d(Φ((1− t)x+ tb),Φ((1− t′)x′ + t′b))
≤ d(Φ((1− t)x+ tb),Φ((1− t0)x′ + t0b))
+ d(Φ((1− t0)x′ + t0b),Φ((1− t′)x′ + t′b)
≤ diamφ(∂σ) + ε diamφ(∂σ)2 + ε diamφ(∂σ)2
= (1 + ε) diamφ(∂σ)
≤ (1 + ε) diamA.
It follows from Formulas (4.2) and (4.3) that Formula (4.1) holds. 
Now, we have the following result.
Theorem 2. The space T (I) is an AR and homopoty dense in T (I). Therefore,
T (I) is also an AR.
Proof. It follows from Theorem 1 and Lemma 2 that the space T (I) satisfies
Statement E. By the results noted in Section 2, we have that T (I) is an AR and
homopoty dense in T (I). Moreover, T (I) is also an AR. 
Let TPL(I) and TPM (I) be the sets of all piecewise linear transitive maps and
of all piecewise monotone transitive maps. Then, we have
Corollary 3. The spaces TPL(I) and TPM (I) are AR’s and homopotp dense in
both T (I) and T (I).
Proof. In [9, Lemma 2.3], see Section 2, Kolyada et al have proved that, using
our terminology, TPL(I) is homotopy dense in T (I). Hence TPM (I) ⊃ TPL(I) is
also homotopy dense in T (I). Therefore, they are AR’s. 
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Secondly, we show that T (I) has SDAP.
Lemma 3. The homotopy Hγ : C(I)× I→ C(I) has the following properties:
(i) Hγ(T (I)× I) ⊂ T (I);
(ii) For every continuous map ε : C(I)→ (0, 1], there exists a continuous map
δ : C(I)→ (0, 1] such that
d(f,Hγ(f, t)) < ε(f)
for every f ∈ C(I), γ ∈ [20,+∞) and t ∈ [0, δ(f)).
Proof. (i) follows [9, Lemma 2.3]. Now we show (ii). We at first show this fact
locally holds, that is, for every f ∈ C(I), there exists t(f) ∈ (0, 1) and a neigh-
borhood U(f) of f such that
d(g,Hγ(g, t)) < ε(g)
for every g ∈ U(f), γ ∈ [20,+∞) and t ∈ [0, t(f)].
Let η(f) = ε(f)28 . Choose a neighborhood V (f) of f such that ε(g) ≥ 2728ε(f)
for every g ∈ V (f). Since f is uniformly continuous, there exists t(f) ∈ (0, η(f))
such that
|x1 − x2| ≤ t(f) implies |f(x1)− f(x2)| < η(f).
Now let U(f) = V (f) ∩ B(f, η(f)). Then U(f) and t(f) are as required. In fact,
for every g ∈ U(f), if |x1 − x2| ≤ t(f), then
|g(x1)− g(x2)|
≤ |g(x1)− f(x1)|+ |f(x1)− f(x2)|+ |f(x2)− g(x2)|
< η(f) + η(f) + η(f)
= 3η(f).
Moreover, for every t ∈ (0, t(f)] and i ≤ s(t) + 1, |Ig,ti | ≤ t(f) < η(f) and hence
|g(Ig,ti )| < 3η(f). Thus,
ai,g,tt − ai,g,tb
≤ max g(Ig,ti )−min g(Ig,ti ) + 8αg,ti
< 3η(f) + 8 max{η(f), 3η(f)}
= 27η(f).
Hence,
d(g,Hγ(g, t)) < 27η(f) =
27
28
ε(f) ≤ ε(g)
for every g ∈ U(f), γ ∈ [20,+∞) and t ∈ [0, t(f)].
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Now consider a locally finite partition of unity {φs : C(I) → I : s ∈ S} on
C(I) which is subordinated the open cover U = {U(f) : f ∈ C(I)}. For every
s ∈ S, choose fs ∈ C(I) such that φ−1s ((0, 1]) ⊂ U(fs). Let
δ(f) =
∑
s∈S
φs(f)t(fs).
Then δ : C(I)→ I is as required.
Trivially, δ : C(I) → (0, 1] is continuous. Moreover, for every f ∈ C(I) and
t ∈ [0, δ(f)], let
{s ∈ S : φs(f) 6= 0} = {s1, s2, · · · , sn}.
Then δ(f) =
∑n
i=1 φsi(f)t(fsi). Hence, there exists i ≤ n such that δ(f) ≤ t(fsi).
Since f ∈ φ−1si ((0, 1]) ⊂ U(fsi), using the local statement at fi, we have
d(f,Hγ(f, t)) < ε(f)
for every γ ∈ [20,+∞) and t ∈ [0, δ(f)]. 
Using the above lemma, we have the following theorem.
Theorem 3. The space T (I) has SDAP. Hence, T (I), TPL(I) and TPM (I) have
SDAP.
Proof. Let ε : T (I) → (0, 1] and φ : K × N → T (I) be continuous, where K is a
compact metric space. By Lemma 3(ii), there exists a continuous map δ : T (I)→
(0, 1] such that
d(f,Hγ(f, t)) <
ε(f)
2
for every f ∈ T (I), γ ∈ (20,+∞) and t ∈ [0, 2δ(f)). Now, define γn = 20 + n for
every n and
ψ(k, n) = Hγn(φ(k, n), δ(φ(k, n)).
From Lemma 3(i) it follows that ψ : K × N→ T (I) is continuous. Now we show
that it with the following properties:
(i) d(φ(k, n), ψ(k, n)) < ε(φ(k, n)) for every (k, n) ∈ K × N;
(ii) {ψ(K × {n}) : n ∈ N} is locally finite in T (I).
(i) is trivial. We verify (ii). Otherwise, without loss of generality, there exists
kn ∈ K for every n such that ψ(kn, n) → f for some f ∈ T (I). Furthermore, we
can assume that limn→∞ δ(φ(kn, n)) = l exists. We consider the following cases:
Case A: l = 0. We verify that φ(kn, n) → f . In fact, for every ζ > 0, choose
η > 0 such that
|x1 − x2| < η implies |f(x1)− f(x2)| < ζ
2
.
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Choose N ∈ N such that d(f, ψ(kn, n)) < ζ2 and δ(φ(kn, n)) < η for every n > N .
Let Ini = I
δ(φ(kn,n))
i for every i ≤ s(δ(φ(kn, n))) + 1. Then, for every x ∈ I and
n > N , choose Ini 3 x. Then φ(kn, n)(x) ≤ an,it = ψ(kn, n)(x′) for some x′ ∈ Ini .
Then |x− x′| < η and ψ(kn, n)(x′) < f(x′) + ζ2 . It follows that
φ(kn, n)(x) < f(x
′) +
ζ
2
< f(x) + ζ.
As the same as,
φ(kn, n)(x) > f(x)− ζ.
Hence, d(φ(kn, n), f) < ζ for n > N .
But, using the continuity of δ, we have
0 < δ(f) = lim
n→∞ δ(φ(kn, n)) = 0.
A contraction occurs.
Case B. l > 0. Then there exists t0 ∈ (0, 1] such that δ(f) > t0 and
δ(φ(kn, n)) > t0 for every n. Hence, by the definition of ψ, for every t ∈ [0, t0],
the amplitude of ψ(kn, n) in [0, t] is larger than t0 for large enough n. Hence it is
impossible that the sequence {ψ(kn, n)} converges to a continuous map f , which
contracts with our assumption!
We have proved that T (I) has SDAP. Moreover, Theorem 2 and Corollary 4
show that T (I), TPL(I) and TPM (I) are AR’s and homotopy dense subspaces in
T (I). Hence they have also SDAP. 
At last, we have the following simple theorem.
Theorem 4. The spaces T (I) and T (I) are topologically complete.
Proof. Trivially, T (I) is topologically complete since it is closed in the completed
metric space C(I). To verify that T (I) is topologically complete, it suffices to
check that T (I) is a Gδ-set in C(I). Choose a countable base B of I such that
∅ 6∈ B. For any (U, V, n) ∈ B × B × N, let
K(U, V, n) = {f ∈ C(I) : U ∩ f−n(V ) 6= ∅}.
It is easy to show that K(U, V, n) is open in C(I) and
T (I) =
⋂
(U,V )∈B×B
⋃
n∈N
K(U, V, n).
Thus, T (I) is a Gδ-set in C(I). 
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Proof of the Main Theorem. By Theorems 2, 3 and 4, T (I) and T (I) are separa-
ble, topologically complete AR’s with SDAP. Hence, using Torun´czyk’s Charac-
terization Theorem of `2, we have that T (I) ≈ T (I) ≈ `2. 
Let S(I) be set of all surjective continuous maps from I onto itself.
Proof of Corollary 1. It is not hard to verify that S(I) is a Z-set in C(I) and
hence T (I) ⊂ S(I) is also a Z-set. Therefore, using Main Theorem, Corollary 1
holds. 
Proof of Corollary 2. By Main Theorem, T (I) ≈ `2. It follows from Theorems 2
and 4 that T (I) is a homotopy dense Gδ-set in T (I). Using [18, Theorem 3.4.4],
we have this corollary holds. 
5. Remarks, Examples and Open Problems
It is possible known that S(I) ≈ `2. To sake completeness, we give a proof for
this fact.
Theorem 5. We have
S(I) ≈ `2.
Proof. Let 4 = {(a, b) ∈ I2 : a < b}. For (a, b) ∈ 4, define a homeomorphism
h(a,b) : [a, b]→ I as follows
h(a,b)(x) =
x− a
b− a .
Using it, we can define a homeomorphism H : C(I) \ Const(I)→4× S(I) as
H(f) = ((min f,max f), h(min f,max f) ◦ f),
where Const(I) is the set of constant maps from I to I. Hence
4× S(I) ≈ C(I) \ Const(I) ≈ C(I) ≈ `2
since Cont(I) ≈ I is compact. The last two homeomorphisms can be found in [13, ]
and [4]. Note the following well known fact: If the product X × K of a space
X and a locally compact space K is homeomorphic to `2, then X ≈ `2. See,
for example, [2, Exercise 1.3.9]. It follows from 4 being locally compact that
S(I) ≈ `2. 
Remark 1. The following examples show that T (I)  T (I)  S(I).
Example 1. Let f(x) = x2, x ∈ I. Then f ∈ S(I). We show that f 6∈ T (I).
Let g ∈ B(f, 1100 ). Note that f([0, 13 ]) = [0, 19 ]. So g([0, 13 ]) ⊂ [0, 13 ]. This g has a
closed invariant proper subset with non-empty interior. Then g is not transitive.
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Example 2. For n ≥ 5, we define a map fn as follows:
(i) for each k = 0, 1, . . . , n, kn is a fixed point of f ;
(ii) f is piecewise linear;
(iii) at every monotone subinterval, the slope is great than 3 and less than 5.
(iv) [k−1n ,
k+2
n ] ∩ [0, 1] ⊂ f([ kn , k+1n ]) ⊂ [k−1n , k+2n ].
By [15, Lemma 2.10], fn is transitive for every n. It is clear that {fn} converges
to the identity map which is not transitive.
For Example 1, we have the following stronger result:
Theorem 6. We have that T (I) is nowhere dense in S(I).
Proof. Fix any g ∈ S(I) and ε > 0. Then there exists a fixed point x0 ∈ I
for g. Without loss of generality, we assume that 0 < x0 < 1. If x0 is one of
the endpoints, we only need to consider the one-sided neighborhood. There exists
δ ∈ (0,min{ ε4 , x0, 1−x0}) such that |g(x)−x0| < ε4 for any x ∈ I with |x−x0| < δ.
We define a map h as follows:
(i) if x 6∈ (x0 − δ, x0 + δ), h(x) = g(x);
(ii) h(x0 − δ2 ) = x0 − δ2 and h is linear on [x0 − δ, x0 − δ2 ];
(iii) h(x0 +
δ
2 ) = x0 +
δ
2 and h is linear on [x0 +
δ
2 , x0 + δ];
(iv) if x ∈ [x0 − δ2 , x0 + δ2 ], h(x) = 1δ (x− x0 + δ2 )2 + x0 − δ2 .
Then d(g, h) < ε. Moreover, as in Example 1, we can verify that h ∈ S(I) \
T (I). 
We guess that T (I) is a Z-set in S(I). Moreover, we guess that the following
problem has a positive answer:
Open Problem 1. Does the following four-homeomorphism hold?
(C(I), S(I), T (I), T (I)) ≈
(I× I×Q× `2, {0} × I×Q× `2, {0} × {0} ×Q× `2, {0} × {0} × s× `2),
where Q = [−1, 1]N, s = (−1, 1)N.
Remark 2. Although the spaces TPL(I) and TPM (I) are AR’s with SDAP, non of
them is homeomorphic to `2 since they are Zσ-spaces. In fact, let PLn(I) be the
set of all piecewise linear continuous maps of modality ≤ n. It is an elementary
exercise to verify that PLn(I) is closed in C(I). Hence PLn(I)∩TPL(I) is closed
in TPL(I). Moreover, the homotopy Hγ shows that PLn(I)∩TPL(I) is homotopy
negligible in TPL(I) when γ is large enough. Hence PLn(I)∩TPL(I) is a Z-set in
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TPL(I). Thus, TPL(I) =
⋃∞
n=1 PLn(I)∩TPL(I) is a Zσ-space. Similarly, TPM (I)
is also a Zσ-space.
Remark 3. In Proof of Lemma 2, we use convex composition of transitive maps.
But, neither T (I) nor T (I) is not convex. In fact, it is easy to choose a transitive
map f such that 1− f is also transitive. But 12f + 12 (1− f) = 12 is not in T (I).
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